From morphic cohomology, we produce a finite sequence of conjectures, called morphic conjectures, which terminates at the Grothendieck standard conjecture of Lefschetz type. We generalize the notions of numerical equivalence and homological equivalence of algebraic cycles to morphic numerical equivalence and morphic homological equivalence of elements in morphic cohomology groups. Some equivalent forms of the conjectures are provided. In particular, the equivalence of these two equivalence relations is equivalent to the validity of the corresponding morphic conjecture. All morphic conjectures are proved for abelian varieties. We endow the morphic cohomology groups of a smooth projective variety with an inductive limit of mixed Hodge structure and define the morphic Hodge numbers. We generalize the notion of signature to morphic signatures, and for each morphic signature, by assuming the corresponding morphic conjecture, a result analogous to the Hodge index theorem is proved. We prove a conjecture in rational coefficients of Friedlander and Lawson by assuming the Grothendieck standard conjecture B.
Introduction
The homotopy groups of the cycle spaces of a projective variety X form a set of invariants, called the Lawson homology groups of X(see [2, 16] ). To establish a cohomology-like theory, Friedlander and Lawson produced the notion of algebraic cocycle in [5] and define the morphic cohomology groups of a projective variety to be the homotopy groups of some algebraic cocycle spaces. Furthermore, by using their moving lemma (see [6] ), they proved a duality theorem between Lawson homology and morphic cohomology. In this paper, we endow the morphic cohomology groups of a smooth projective variety X with an inductive limit of mixed Hodge structure and from here, it is easy to see that the images of the morphic cohomology groups of X in its singular cohomology groups under the natural transformations are sub-Hodge structures. We define the morphic Hodge numbers of X to be the Hodge numbers of the sub-Hodge structures. We extend the notion of homological equivalence and numerical equivalence of algebraic cycles to morphic homological equivalence and morphic numerical equivalence of elements in morphic cohomology groups.
The Grothendieck standard conjecture of Lefschetz type has various forms (see [10, 14, 15] ). Let us recall the Grothendieck standard conjecture A (GSCA for short) now. For a smooth projective variety X with dimension m, let C j (X) be the subspace of H 2j (X; Q) which is generated by algebraic cycles. By the Hard Lefschetz Theorem, we have the following commutative diagram:
where L m−2j is an isomorphism for j ≤ ⌊ m 2 ⌋. The GSCA claims that the restriction of L m−2j also gives an isomorphism between C j (X) and C m−j (X), or equivalently, the adjoint operator Λ maps C m−j (X) into C j (X). The Grothendieck standard conjecture B (GSCB for short) says that the adjoint operator Λ is algebraic, i.e., there is a cycle β on X × X such that Λ : H * (X; Q) −→ H * (X; Q) is got by lifting a class from X to X × X by the first projection, cupping with β and taking the image in H * (X; Q) by the Gysin homomorphism associated to the second projection. We know that the GSCA is universally true if and only if GSCB is universally true. And on a smooth projective variety X, if GSCB holds it implies GSCA on X, but we are not sure if another direction is also true. The case of GSCB on abelian varieties was proved by Lieberman in [18] , and we know GSCB for a smooth variety which is a complete intersection in some projective space and for Grassmannians (see [10] ).
A sequence of conjectures, called morphic conjectures, is introduced and the GSCA is the last conjecture in this sequence. We show that if the GSCB holds on X, it implies all the morphic conjectures of X. Therefore, in particular, all morphic conjectures hold for abelian varieties. Various equivalent forms of morphic conjectures are provided. It is well known that the GSCA is equivalent to the statement that numerical equivalence is equal to homological equivalence. To get an analogous statement, we show that the equivalence of morphic homological equivalence and morphic numerical equivalence is equivalent to the corresponding morphic conjecture. The cup product pairing in morphic cohomology enables us to define a sequence of signatures, called morphic signatures. For each morphic signature, with the assumption of the corresponding morphic conjecture, we are able to generalize the classical Hodge index theorem to express the morphic signatures in terms of the morphic Hodge numbers.
Let us recall some fundamental properties of the morphic cohomology groups of a projective variety. Suppose that X, Y are projective varieties and the dimension of X is m. A Y -valued codimension r cocycle c is a cycle in X × Y such that each fibre of c over X is an r-cycle on Y . We denote the group of Y -valued codimension r cocycles by Z r (Y )(X) and endow Z r (Y )(X) the subspace topology of Z r+m (X × Y ). We recall that there is a natural topology called Chow topology on Z r+m (X × Y ) (see [5, 19] ). It is proved in [19] , Proposition 2.8 that Z r (P t−1 )(X) is a closed subgroup of Z r (P t )(X). Define the group of codimension t algebraic cocycles on X to be
It is proved in [3] that Z t (X) is a CW-complex. Define the (t, k)-morphic cohomology group to be
the homotopy group of the cocycle space. We list some fundamental properties of morphic cohomology which will be used in this paper.
1. There is a natural transformation Φ t,k : L t H k (X) −→ H k (X) from morphic cohomology to the singular cohomology.
2. There is a cup product pairing L t H k (X) ⊗ L r H s (X) −→ L t+r H k+s (X) which is transformed to the cup product in singular cohomology by the natural transformations.
3. If X is a smooth projective variety of dimension m, there is a duality map D : Z t (X) −→ Z m−t (X) for 0 ≤ t ≤ m which is a homotopy equivalence and the duality map is compatible with the Poincaré duality map, i.e., we have the following commutative diagram:
where Ψ is the natural transformation from Lawson homology to singular homology.
In [5] , Question 9.7, Lawson and Friedlander asked if the map Φ t,k : L t H k (X) −→ H k (X) is surjective for X smooth and t ≥ k. We answer this question in rational coefficients by assuming GSCB. This opens a new way to check the validity of the Grothendieck standard conjecture.
IMHS on a projective manifold
We use HS and MHS for the abbreviations of Hodge structure and mixed Hodge structure respectively. We follow Walker's definition of the inductive limit of mixed Hodge structure(IMHS) in [21] . 
, and such that every finitely generated subgroup of H is contained in a finitely generated subgroup
A morphism of IMHS is morphism of filtered systems of MHS's. It is shown in Proposition 1.4 of [13] that the category of IMHS is abelian. Now we are going to endow the morphic cohomology groups of a smooth projective variety with an IMHS.
Definition Let X be a nonsingular projective variety of dimension m. It is proved that the Lawson homology groups of a quasi-projective variety have an IMHS (see Theorem 4.1 of [21] ). The Friedlander-Lawson duality map D : L t H k (X) −→ L m−t H 2m−k (X) is an isomorphism for 0 ≤ t ≤ m, 0 ≤ k ≤ 2m. We endow L t H k (X) with an IMHS by making D an isomorphism of IMHS.
Proposition 2.1. Suppose that X is a nonsingular projective variety. Then Φ t,k : L t H k (X) −→ H k (X) is a morphism of IMHS and the IMHS on ImΦ t,k , the image of Φ t,k , is a sub-HS of H k (X).
Proof. It is proved in Theorem 4.1 of [21] that Ψ m−k,2m−k is a morphism of IMHS. Consider the following commutative diagram:
Definition Let X be a smooth projective variety. Define L t H k (X) = ImΦ t,k . Thus we are able to decompose
We define the morphic Hodge numbers of X to be h p,q t (X) = dimH p,q t (X).
Theorem 4.4 in [5] says that the image of Φ is contained in a specific range in the Hodge decomposition.
Theorem 2.2. For a smooth projective variety X there exists the containment
The space which is the most of our interest is L t H 2t (X; Q) = H t,t t (X; Q) = H t,t t (X)∩H t,t (X; Q) which is the space generated by algebraic cycles with rational coefficients. We recall that the Hodge conjecture says that L t H 2t (X; Q) = H t,t (X; Q).
From the Theorem above we have the following diagram:
The top row consists of topological invariants and the bottom row is a purely algebraic invariants. The vector spaces in the middle rows are mixed topological and algebraic invariants. The spirit of this paper is to approach the purely algebraic invariant by some not so algebraic spaces, ideally which are more manageable. Each level closer to the bottom row should dig out more information about the bottom row.
Signatures
Suppose that <, > is a symmetric bilinear form on a vector space V over Q. Take a matrix representation of <, > and denote by λ + , λ − , λ 0 the number of positive, negative and zero eigenvalues respectively, then the signature of <, > is defined to be λ + − λ − . It can be proved that it is independent of the basis chosen.
Before we proceed to the definition of morphic signatures, we need the following result in which we make some modification of the original proof in [7] , Theorem 5.8. We use F to indicate any one of Q, R, C and define
Suppose that X is a smooth projective variety of dimension m. Then for any t ≥ m, we have a commutative diagram:
Proof. It is easy to see that it is enough to prove the statement for Q-coefficients. By the Friedlander-Lawson Duality Theorem (see [7] 
. From the fibration:
by taking homotopy groups and applying the Dold-Thom theorem, we get a long exact sequence:
and then tensor by Q, we get
, we have the following commutative diagram:
w w n n n n n n n n n n n n H k (X; Q)
If t = m, since Φ t,k is an isomorphism and by the dimension reason, S is an isomorphism, so Φ t+1,k is also an isomorphism. Thus the three maps in this diagram are all isomorphisms for t ≥ m.
Suppose now that X is a nonsingular projective variety of complex dimension 2m. The cup product in morphic cohomology
is a symmetric bilinear form for all t ≥ m. But it is possible that L t H 2m (X) has infinite rank, we do not define the signature from here directly.
From the natural transformation Φ t,k ⊗ F :
Definition (morphic signatures) For a smooth connected projective variety X of complex dimension 2m and for any t ≥ m, we define the t-th morphic signature of X, denoted by σ t , to be the signature of the symmetric bilinear form:
For t = 2m, since L 2m H 2m (X; Q) = H 2m (X; Q) and the cup product in morphic cohomology in this case is just the usual cup product of singular cohomology, σ 2m is the usual signature of X. So we have a sequence of signatures σ 2m , σ 2m−1 , ..., σ m decreasing from a topological invariant σ 2m to an algebraic invariant σ m .
The Morphic Conjectures
Let a, b be two nonnegative integers and F = Q, R or C. Suppose that X is a nonsingular projective variety of dimension m. Define
In particular, EH 0 (X; Q) is the ring of rational algebraic cohomology classes on X.
Let Ω ∈ L 1 H 2 (X) be a class coming from a hyperplane section on X. Define an operation
by L(α) = Ω · α. The natural transformation Φ * , * carries the cup product in morphic cohomology to the cup product in singular cohomology and it sends Ω to the cohomology class represented by Ω. Thus under the transformation Φ * , * , L carries over to the standard Lefschetz operator L. Since the operator induced by L on EH a (X; F), OH b (X; F) and LH a,b (X; F) is just the restriction of L to these spaces, these spaces are L-invariant subrings of the cohomology ring 2n i=0 H i (X; F). We use L to denote the restriction of L to these spaces.
Recall that there is a standard Hermitian inner product on A p,q (X), the (p, q)-forms on X, called Hodge inner product defined by
where * is the Hodge star operator. Let Λ be the adjoint of L with respect to the Hodge inner product. Since L, Λ commute with the Laplacian, they can be defined on the harmonic spaces. From the Hodge Theorem we know that the (p, q)-cohomology group of X is isomorphic to the the space of (p, q)-harmonic forms. The Hodge inner product induces a Hermitian inner product in harmonic spaces which we also call it Hodge inner product. Restrict the Hodge inner product to EH a (X; C), OH b (X; C) and LH a,b (X; C) respectively and let λ be the adjoint of L with respect to the Hodge inner product. Since L is defined by an integral cohomology class, it defines an operator on the F-cohomology groups, thus Λ and λ can also be defined in F-coefficients. One might expect that there is a natural relation between λ and Λ which we formulate it as a conjecture below.
Conjecture (morphic conjectures) The morphic conjecture on EH a (X; F), OH b (X; F) and LH a,b (X; F) respectively is the assertion that λ is the restriction of Λ on them respectively. It is not difficult to see that if a morphic conjecture holds for Q-coefficients, it also holds for Rand C-coefficients. So most of the time we will only work on Q-coefficients. It turns out that the morphic conjecture for EH 0 (X; Q) is equivalent to the GSCA. Let us verify it in the following.
Let A = EH a (X; Q), OH b (X; Q) or LH a,b (X; Q).
Proposition 4.1. Suppose that X is a nonsingular projective variety of dimension m. Take the orthogonal decomposition ⊕ 2m i=0 H i (X; F) = A ⊕ A ⊥ with respect to the Hodge inner product and let π : ⊕ 2m i=0 H i (X; Q) −→ A be the projection. Then
2. The morphic conjecture for EH 0 (X; Q) is equivalent to the Grothendieck standard conjecture A.
Proof.
So by the Hard Lefschetz Theorem, they have the same dimension. Therefore C m−j (X) is isomorphic to C j (X). If the GSCA is true, then Λ is an isomorphism between C m−j (X) and C j (X) for j ≤ ⌊ m 2 ⌋ which implies that π • Λ| EH 0 (X;Q) = Λ| EH 0 (X;Q) . Since λ = π • Λ| EH 0 (X;Q) , thus the morphic conjecture for EH 0 (X; Q) holds.
Definition Suppose that X is a smooth projective variety of dimension m. Consider the cup product pairing:
For α ∈ L t H k (X; Q), we say that α is morphic numerically equivalent to 0 if α ∧ β = 0 for all β ∈ L m−t H 2m−k (X; Q). The class α is said to be morphic homologically equivalent to 0 if Φ(α) = 0 where Φ : L t H k (X; Q) −→ H k (X; Q) is the natural transformation. We use M N E for morphic numerical equivalence and M HE for morphic homological equivalence. Let Alg k (X; Q) be the group of k-cycles with rational coefficients on X quotient by algebraic equivalence and let Alg k (X; Q) = Alg m−k (X; Q). We recall that a class α ∈ Alg k (X; Q) is said to be numerically equivalent to zero if α • β = 0 for all β ∈ Alg m−k (X; Q) where • is the intersection operation and α is said to be homologically equivalent to zero if under the cycle map γ : Alg k (X; Q) −→ H 2k (X; Q), α is sent to zero (see e.g [14] ). By the Friedlander-Lawson duality theorem, we can identify L t H 2t (X; Q) with Alg t (X; Q) for 0 ≤ t ≤ m (see [7] , Theorem 5.1).
Suppose that X is a nonsingular projective variety of dimension m.
Morphic numerical equivalence is same as numerical equivalence and morphic homological
equivalence is same as homological equivalence on ⊕ m t=0 L t H 2t (X; Q). 2. If α is morphic homologically equivalent to zero, then α is morphic numerically equivalent to zero.
is transformed to the intersection pairing on Alg t (X; Q)⊗ Alg m−t (X; Q). So on L t H 2t (X; Q), morphic numerical equivalence is same as numerical equivalence. The natural transformation Φ t,2t : L t H 2t (X; Q) −→ H 2t (X; Q) is just the cycle map, so morphic homological equivalence is same as homological equivalence.
2. Suppose that α ∈ L t H k (X; Q). We have the following commutative diagram
Since 2t − k ≥ 0, we know that the vertical arrow on the right hand side is an isomorphism. Now the conclusion follows easily.
If no ambiguousness will occur, we will use L * H * , L * H * and H * for L * H * (X; Q), L * H * (X; Q) and H * (X; Q) respectively. 
We have the following commutative diagrams:
By the Hard Lefschetz Theorem, L m−2t and L m−2t+1 are isomorphisms for t ≤ ⌊ m 2 ⌋ , so we have the conclusions.
Let A be EH a (X; Q), OH b (X; Q) or LH a,b (X; Q). Let A be the direct sum of all morphic cohomology group L t H k (X; Q) where L t H k (X; Q) is a direct summand of A . Proposition 4.4. Suppose that X is a nonsingular projective variety of dimension m and L t H k (X; Q) is a direct summand of A . The followings are equivalent:
6. The morphic conjecture holds on A .
Proof. We are going to show that 1 → 2 → 3 → 4 → 5 → 6 → 2 and 4 → 1. 1 → 2: We consider only the case A = EH a (X; Q) since similar argument applies for A = OH b (X; Q) and thus for A = LH a,b (X; Q). For t ≤ ⌊ m 2 ⌋, consider the commutative diagram
If L a+m−t H 2m−2t (X; Q) = 0, by the proposition above, L a+t H 2t (X; Q) = 0. So we may assume that L a+m−t H 2m−2t (X; Q) = 0. Let α ∈ L a+m−t H 2m−2t (X; Q) such that Φ(α) = 0. If MNE=MHE on A , then there is a β ∈ L a+t H 2t (X; Q) such that (β, α) = 0 where (, ) is the cup product pairing in morphic cohomology. Thus (Φ(β), Φ(α)) = 0. Consequently, the cup product pairing (, ) in singular cohomology restricted to L a+t H 2t (X; Q) ⊗ L a+m−t H 2m−2t (X; Q) is nondegenerate. It follows that dim L a+t H 2t (X; Q) = dim L a+m−t H 2m−2t (X; Q).
is an isomorphism, by the Hard Lefschetz Theorem and from the commutative diagram
we see that L m−k+2 maps L t−1 H k−2 (X; Q) injectively into L t+m−k+1 H 2m−k+2 (X; Q). The assumption dim L t−1 H k−2 (X; Q) = dim L t+m−k+1 H 2m−k+2 (X; Q) implies that L m−k+2 restricted to L t−1 H k−2 (X; Q) is an isomorphism. Let α = r≥0 L r α r ∈ L t H k (X; Q) be the Lefschetz decomposition of α. We prove by induction on the length of the Lefschetz decomposition. Since L m−k+2 ( r≥1 L r−1 α r ) = L m−k+1 (α) ∈ L t+m−k+1 H 2m−k+2 (X; Q), we have r≥1 L r−1 α r ∈ L t−1 H k−2 (X; Q). By induction hypothesis, α r ∈ L t−r H k−2r (X; Q) for r ≥ 1. But α 0 = α − L( r≥1 L r−1 α r ) ∈ L t H k (X; Q). This completes the proof.
3 → 4: Suppose that α ∈ L t H k (X; Q) and α = r≥0 L r α r is the Lefschetz decomposition of α.
By the formula in [15] (page 14), we have * α = r≥0 (−1)
4 → 5: From the formula Λ = (−1) k * L * (see [12] , pg 125), we get the conclusion immediately. 5 → 6: By Proposition 4.1, λ = π • Λ. But from the assumption π • Λ| L t+1 H k+2 (X;Q) = Λ| L t+1 H k+2 (X;Q) , so λ = Λ| L t+1 H k+2 (X;Q) . Therefore, the morphic conjecture holds on A . 6 → 2: By the Hard Lefschetz Theorem, Λ m−k :
But by the assumption * Φ(α) ∈ L t+m−k H 2m−k (X; Q), so we can find β ∈ L t+m−k H 2m−k (X; Q) such that Φ(β) = * Φ(α). Then (α, β) = (Φ(α), Φ(β)) = 0 which contradicts to the assumption. Thus α is is morphic homologically equivalent to zero.
Definition Suppose that X is a nonsingular projective variety of dimension m. For β ∈ L r H 2r (X× X; Q), β induces a map
where p, q : X × X −→ X are the projections to the first and second factor respectively, D is the Friedlander-Lawson duality map and • is the intersection product in Lawson homology. An endomorphism f : A −→ A is said to be algebraic if there is a β ∈ ⊕ 2m r=0 L r H 2r (X × X; Q) such that β * = f . We note that this definition is equivalent to the definition in [10] . Proof. If the GSCB holds on X, then Λ is an algebraic operator (see [15] , pg 14), thus there exists a cycle β ∈ L m−1 H 2(m−1) (X × X; Q) such that Λ = β * . For L t H k (X; Q) a direct summand of A , β * (L t H k (X; Q)) ⊂ L t−1 H k−2 (X; Q), thus β * = Λ is an endomorphism of A . By the fifth statement in Proposition 4.4, the morphic conjecture holds on A .
By a Lieberman's result in [18] , the GSCB is true for abelian varieties, thus we have the following result.
Corollary 4.6. All morphic conjectures hold for abelian varieties.
By assuming the GSCB, we prove a conjecture in rational coefficients of Friedlander and Lawson (see [5] , Question 9.7). Theorem 4.7. Suppose that X is a nonsingular projective variety of dimension m. If the Grothendieck standard conjecture B holds on X, then the map
is surjective whenever t ≥ k.
Proof. By Theorem 3.1, it is true if t ≥ m. So we assume that t < m. Then k < m. If the GSCB holds on X, we have all the morphic conjectures. Thus from Proposition 4.4, the dimension of L m+t−k H 2m−k (X; Q) is same as the dimension of L t H k (X; Q). Since m + t − k ≥ m, L m+t−k H 2m−k (X; Q) = H 2m−k (X; Q), and by the Hard Lefschetz Theorem, we have L t H k (X; Q) = H k (X; Q). Therefore Φ t,k is surjective.
Hodge Index Theorem In Morphic Cohomology
Let us use H * (X; C) to denote the cohomology ring of X. It is well known that H * (X; C) is a sl 2 (C)-module and thus it has a Lefschetz decomposition (see e.g. [9] ).
Let A be any of EH a (X; C), OH b (X; C) or LH a,b (X; C) and
Suppose that X is a nonsingular projective variety of dimension m. Assume that the morphic conjecture holds on A , then A is a sl 2 (C)-submodule of H * (X; C) thus 1. A has a sub-Lefschetz decomposition, i.e., if L t H k (X; C) is a direct summand of A , then
is the primitive group. Furthermore, this decomposition is compatible with the sub-Hodge structure, i.e., if B p,q = KerL m+1−p−q : H p,q γ(p,q) (X) −→ H m+1−q,m+1−p γ(m+1−q,m+1−p) (X), then
3. We have the Hard Lefschetz Theorem, i.e.,
is an isomorphism where L t H m−k (X; C) is a direct summand of A. Let L be the restriction of L to A and λ be the adjoint of L with respect to the Hodge inner product restricted to A .
We have the Hodge-Riemann bilinear relations:
By the assumption of the morphic conjecture, λ is the restriction of Λ on A . From the relation h = [Λ, L], we see that h restricts to an operator on A . Thus L, λ, h give a sub-sl 2 (C)-structure on A and therefore it admits a sub-Lefschetz decomposition of the Lefschetz decomposition of H * (X; C) which is compatible with the Hodge structure. The Hard Lefschetz Theorem is a formal consequence of the Lefschetz decomposition (see e.g. [17] , Chapter 11). The restriction of the Hodge-Riemann bilinear relations to A gives the similar relations.
We observe that the morphic signatures are independent of the odd part OH b (X; C) of the cohomology groups. In the following, by assuming the morphic conjecture on EH a (X; C), we are going to generalize the classical Hodge index theorem. See [12] , Theorem 15.8.2 or [9] (pg 126) for a proof of the classical Hodge index theorem. Proof. Let n = 2m. Let ω be the (1, 1)-form associated to the standard Kähler metric on X and let H p,q be the space of harmonic (p, q)-forms on X. The Lefschetz operator L : H p,q −→ H p+1,q+1 is defined by Lα = ω ∧ α. Since ω is real, we have Lα = Lα, therefore L is a real operator. The conjugation of the Hodge star operator * : H p,q −→ H n−p,n−q is an anti-isomorphism where * α = * α = * ᾱ and the adjoint operator Λ : H p,q −→ H p−1,q−1 is given by the formula Λ = (−1) p+q * L * . It is easy to verify that Λ = (−1) p+q * L * and Λα = Λα.
By the Hodge structure on L s H k (X; C), we decompose L s H k (X; C) = p+q=k H p,q s . Now we assume that the morphic conjecture is true on EH a (X; C), i.e., λ is the restriction of Λ on EH a (X; C). Thus by the proposition above, on EH a (X; C) we have the Lefschetz decomposition and the Hard Lefschetz Theorem. And by Proposition 2.1, L a+t H 2t (X; C) is a sub-Hodge structure of H 2t (X; C). Recall that B p,q = kerλ : H p,q γ(p,q) −→ H p−1,q−1 γ(p,q)−1 . In the following, we follow the steps in the proof of the Hodge index theorem in [12] , Theorem 15.8.2.
1. λL k : B p−k,q−k −→ H p−1,q−1 γ(p−1,q−1) , p + q ≤ n, k ≥ 1 is, up to a non-zero scalar factor, equal to L k−1 .
Proof. By using the relations [λ, L] = h and [h, L] = −2L.
Proof. If L k α = 0, applying (1), we have L k−1 α = cλL k α = 0 and then repeating this process several times we get α = 0.
3. By the Lefschetz decomposition on EH a (X; C), we have
where r = min(p, q).
4.
For ϕ ∈ L k B p−k,q−k where p + q = n, * ϕ = (−1) q+k ϕ.
By the Lefschetz decomposition, we have
L a+n H m (X; C) = p+q=n k≤min(p,q) L k B p−k,q−k 6. The summands in the above direct sum decomposition are mutually orthogonal with respect to the Hodge inner product <, >.
Proof. Since the Lefschetz decomposition is a sub-Lefschetz decomposition of the singular cohomology, this follows from the proof in [12] , pg126.
7.
L a+m H n (X; R) = p+q=n k≤p≤q E p,q k where E p,q k is the real vector space of real harmonic forms which are harmonic forms α that can be written in the form α = ϕ + ϕ for some ϕ ∈ L k B p−k,q−k .
Proof. It follows from the Lefschetz decomposition of L a+m H n (X; C) and the fact that L a+m H n (X; R) consists of elements invariant under the conjugation. 8 . By the definition of morphic signature, σ a+m (X) is the index of the quadratic form
where α, β ∈ L a+m H n (X; R). (6) , the real vector space summands in the sum (7) are mutually orthogonal with respect to the Hodge inner product <, >. (4) implies that the quadratic form (−1) q+k (α, β) =< α, β > which is positive definite when restricted to E p,q k . 10. Therefore, σ a+m (X) = p+q=n k≤p≤q (−1) q+k dim R E p,q k .
By

11.
σ a+m (X) = p+q=n k≤min(p,q)
12. Let lh p,q = dim C H p,q γ(p,q) . Then
Proof. By the Lefschetz decomposition, we have
And by (2), we have dim
13. By the morphic conjecture, we have the Hard Lefschetz Theorem, therefore lh p−k−1,q−k−1 = lh p+k+1,q+k+1 for p + q = n and combine with the Hodge structure, lh r,k = lh k,r = lh n−r,n−k .
14.
σ a+m (X) = p≡qmod2 0≤p,q≤2m
Proof. From (11) and (12), we see that
By (13) and some simple calculation, we get the formula.
When a = m, h p,q γ(p,q) = h p,q . Thus we have the follow.
Corollary 5.3. When a = m, the above formula gives the classical Hodge Index Theorem:
Some Discussions
The Hirzebruch signature formula says that the signature σ(M ) of an oriented smooth manifold M 4k can be represented as a linear combination of Pontrjagin numbers, i.e., σ(M ) = L k (p 1 , ..., p k )[M ], see [12] , chapter II.8 for the detail. We wonder if there is any formula of this kind for the morphic signatures which will be very interesting and important. For instance, even for smooth hypersurfaces in P m , the Hodge conjecture is known only for very few cases, see [17] for a survey. For a smooth hypersurface X of dimension 2m in P 2m+1 , for p = n, H p,p (X; Q) is 1-dimensional and is generated by algebraic cycles. Therefore the adjoint operator Λ : H 2m−p,2m−p (X; Q) −→ H p,p (X; Q) is an isomorphism for 0 ≤ p < m. For p = m, Λ : H m,m (X; Q) −→ H m,m (X; Q) is an isomorphism. Thus the GSCA is trivially true for this case, therefore the signature formula is valid. The signature formula in this case has a very simple form: . Thus any way to calculate σ m (X) is equivalent to the calculation of h m,m m . The signature of an oriented smooth 4k-manifold is a cobordism invariant. The main part of the proof of Hirzebruch signature formula is to apply the Thom theorem, which determines the structure of oriented cobordism with rational coefficients, to calculate the signature. Thus we hope there is a cobordism theory for morphic cohomology such that the morphic signatures are also cobordism invariants under this sense.
Let us recall a theorem by Rokhlin about a relation of the signature of a complex projective manifold and the Euler characteristic of its real points. See [11] for a proof. Theorem 6.1. (Rokhlin first theorem) Suppose that X is a complex projective manifold of dimension 2m. If X is an M -manifold, i.e., the Z 2 -betti number of X is same as the Z 2 -betti number of ReX, then χ(ReX) ≡ σ(X) mod 16
where χ(ReX) is the Z 2 -euler characteristic of ReX and σ(X) is the signature of X.
The reduced real Lawson and the reduced real morphic cohomology developed by the author in [19] are considered to be the enrichment of singular homology and cohomology with Z 2 -coefficients respectively for real projective varieties. The classical Harnack-Thom theorem has been generalized to relate the rank of the Lawson homology groups with Z 2 -coefficients of a real projective variety with the rank of its reduced real Lawson homology groups (see [20] ). It is then natural to ask if there is any theorem analogous to the Rokhlin first theorem. More specific, we would like to know if there is any way to calculate the morphic signatures of a real projective variety from its reduced real Lawson homology groups or reduced real morphic cohomology groups.
